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Abstract
We present exact classical solutions of the higher-derivative theory that describes the
dynamics of the position modulus of a probe brane within a five-dimensional bulk. The
solutions can be interpreted as static or time-dependent throats connecting two parallel
branes. In the nonrelativistic limit the brane action is reduced to that of the Galileon
theory. We derive exact solutions for the Galileon, which reproduce correctly the shape of
the throats at large distances, but fail to do so for their central part. We also determine
the parameter range for which the Vainshtein mechanism is reproduced within the brane
theory.
1
1 Introduction
Exact classical solutions of field theories are interesting as they can describe configurations
that differ substantially from the usual perturbative vacuum. The purpose of this letter
is to present a class of exact solutions of certain higher-derivative scalar theories in 3+1
dimensions. The theories have a geometric origin, as they describe hypersurfaces, which
we term branes, embedded in a higher-dimensional spacetime. From the point of view of
the brane observer the action involves only derivative terms of a particular form for one
scalar degree of freedom.
We obtain our solutions by generalizing known static and time-dependent ones for the
Dirac-Born-Infeld (DBI) theory with vanishing gauge fields. This theory can be viewed
as the effective description of a (3 + 1)-dimensional brane embedded in a Minkowski bulk
spacetime with one additional spatial dimension. A known static solution is the catenoidal
configuration obtained by joining two branches with opposite first derivatives at the point
where they display square-root singularities [1, 2]. The result is a smooth surface that
looks like a throat or wormhole connecting two asymptotically parallel branes. A similar
time-dependent solution describes two branes connected by a throat whose radius evolves
with time. The throat shrinks to a minimal radius and subsequently re-expands [3, 4].
Alternatively, the square-root singularity can be viewed as a propagating shock front [5].
For the expanding configuration, energy is transferred from the location of the shock front,
where the energy density diverges, to the region behind it.
We consider generalized theories that describe branes embedded in a flat bulk space-
time with one additional spatial dimension. The leading contribution to the action is
given by the volume swept by the brane (the worldvolume), expressed in terms of the
induced metric. It is invariant under arbitrary changes of the brane worldvolume coordi-
nates. We eliminate this gauge freedom by identifying the brane coordinates with certain
bulk coordinates (static gauge). The remaining bulk coordinate becomes a scalar field of
the worldvolume theory, with dynamics governed by the DBI action. More complicated
terms can also be included in the effective action. They can be expressed in terms of
geometric quantities, such as the intrinsic and extrinsic curvatures of the hypersurface. In
the static gauge these can be written in terms of the scalar field and its derivatives, so that
we obtain a higher-derivative scalar theory with a particular structure of geometric origin
[6, 7]. Some of the higher-derivative terms can be considered as quantum corrections to
the DBI action [8].
The focus of our analysis is on brane theories constructed so that the equation of
motion does not contain field derivatives higher than the second. In this way ghost fields
do not appear in the spectrum. The most general scalar-tensor theory with this property
was constructed a long time ago [9], and rediscovered recenty. It is characterized as
the generalized Galileon (see ref. [10] and references therein). A particular example is
provided by the Galileon theory [11], which results from the Dvali-Gabadadze-Porrati
(DGP) model [12] in the decoupling limit. The connection with the brane picture is
made in ref. [6], where it is shown that the Galileon theory can be reproduced in the
nonrelativistic limit, starting from the effective action for the position modulus of a probe
brane within a (4+1)-dimensional bulk.
2
2 The brane and Galileon theories
We consider the brane theory as formulated in ref. [6]. The induced metric on the brane in
the static gauge is gµν = ηµν + ∂µpi ∂νpi, where pi denotes the extra coordinate of the bulk
space. Our convention for the Minkowski metric is ηµν = diag(−1, 1, 1, 1). The extrinsic
curvature is Kµν = −∂µ∂νpi/
√
1 + (∂pi)2. We denote its trace by K. The leading terms
in the brane effective action are [6]
Sλ = −λ
∫
d4x
√−g = −λ
∫
d4x
√
1 + (∂pi)2 (1)
SK = −M35
∫
d4x
√−gK =M35
∫
d4x
(
[Π]− γ2[φ]
)
(2)
SR =
M24
2
∫
d4x
√−g R = M
2
4
2
∫
d4x γ
(
[Π]2 − [Π2] + 2γ2([φ2]− [Π][φ])
)
, (3)
where γ = 1/
√−g = 1/√1 + (∂pi)2. We have adopted the notation of ref. [6], with
Πµν = ∂µ∂νpi and square brackets representing the trace (with respect to ηµν) of a tensor.
Also, we define [φn] ≡ ∂pi·Πn ·∂pi, so that [φ] = ∂µpi ∂µ∂νpi ∂νpi. We define the fundamental
scale of the theory as Λ = λ1/4. We express all dimensionful quantities in units of Λ in
numerical calculations. This is equivalent to setting λ = 1.
The field equation of motion is [6]
λ γ
{
[Π]− γ2[φ]
}
−M35γ2
{
[Π]2 − [Π2] + 2γ2
(
[φ2]− [Π][φ]
)}
−M
2
4
2
γ3
{
[Π]3 + 2[Π3]− 3[Π][Π2] + 3γ2
(
2
(
[Π][φ2]− [φ3]
)
−
(
[Π]2 − [Π2]
)
[φ]
)}
= 0.
(4)
The Galileon theory [11], which results from the DGP model [12] in the decoupling
limit, can also be obtained by taking the nonrelativistic limit (∂pi)2 ≪ 1 of the brane
theory [6]. In this process, terms involving second derivatives of the field, such as ✷pi,
are not assumed to be small. If total derivatives are neglected, the leading terms in the
expansion of eqs. (1)-(3) give [6]
SNR =
∫
d4x
{
−λ
2
(∂pi)2 +
M35
2
(∂pi)2✷pi +
M24
4
(∂pi)2
(
(✷pi)2 − (∂µ∂νpi)2
)}
. (5)
The term of highest order in the Galileon theory, omitted here, can be obtained by includ-
ing in the brane action the Gibbons-Hawking-York term associated with the Gauss-Bonnet
term of (4+ 1)-dimensional gravity. The theory can be put in more conventional form by
defining λ = Λ4 and employing the scalar field Λ2pi. As before, we express all quantities
in units of Λ in numerical calculations. The field equation of motion is
λ [Π]−M35
(
[Π]2 − [Π2]
)
− M
2
4
2
(
[Π]3 + 2[Π3]− 3[Π][Π2]
)
= 0, (6)
to be compared with eq. (4). The relation between the brane and Galileon theories implies
the existence of solutions similar to the ones we described for the brane theory.
Before presenting solutions of the equations of motion, we must clarify an important
point in their interpretation. We shall study configurations of two parallel branes, possibly
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connected by a throat. The form of the term (2), which is reduced to the second term
of eq. (5) in the nonrelativistic limit, breaks the reflection symmetry across an isolated
brane. In a two-brane system, it would affect differently the upper and lower parts of a
throat, thus breaking the reflection symmetry across the middle plane between the two
branes. The origin of this counterintuitive behavior can be traced to the DGP model [12].
In that construction, the brane corresponds to the boundary of the bulk space, and the
field pi to a “brane-bending” mode. The two-brane configuration that we have in mind
would correspond to a slab of bulk space of finite thickness, with two DGP branes on its
sides. The long-distance physics will be affected by the effective compactification of the
extra dimension. However, we are interested only in the range of scales that are relevant
for the Galileon, which remain unaffected if we assume that the thickness of the slab of
bulk space is sufficiently large. The “brane-bending” modes of the two branes are defined
with respect to coordinate systems of opposite orientation along the extra dimension. If
a unique coordinate system is used, one of the two modes must be shifted by the distance
between the two branes and have its sign reversed. At the level of the Galileon theory,
an equivalent way of describing the two-brane system is by assuming that the effective
theory is given by eq. (5), but with opposite values of the coefficient M35 of the cubic term
for each of the two branes. The same assumption must be made for the term (2) of the
brane theory, in order to get a two-brane configuration symmetric under reflection across
the middle plane.
3 Solutions of the brane theory
A class of static solutions of eq. (4) can be obtained if we make the ansatz pi = pi(w) with
w = r2. Eq. (4) becomes
λ
(1 + 4wpi2w)
3/2
(
3piw + 8wpi
3
w + 2wpiww
)
− 4M
3
5
piw
(1 + 4wpi2w)
2
(
3piw + 4wpi
3
w + 4wpiww
)
− 12M
2
4pi
2
w
(1 + 4wpi2w)
5/2
(piw + 2wpiww) = 0, (7)
where the subscripts denote differentiation with respect to w.
For M5 = M4 = 0 the action is reduced to the DBI one. In this case, the solution of
the above equation is
piw = ±
c√
w3 − 4c2w, (8)
with c > 0. The two branches are depicted as dashed lines in figs. 1 and 2 for c = 10.
Integrating piw with respect to w and joining the solutions smoothly at the location of
the square-root singularity of eq. (8) generates a continuous double-valued function of r,
which extends from infinite r to rth =
√
2c and back to infinity. This catenoidal solution
describes a pair of branes connected by a static throat [1, 2]. The integration constant c is
related to the total energy of the throat Eth. We have Eth ∼ c3/4, with Eth and c expressed
in terms of Λ [4]. The applicability of the effective brane theory for the description of the
throat configuration requires c≫ 1 in the same units.
The full equation (7) has similar solutions for nonvanishing M5,M4. The general
solution cannot be put in a simple analytical form. However, this is possible for special
4
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Figure 1: The solutions (8) (dashed), (11) (dot-dashed), (18) (solid) for κ = 1, c = 10.
cases. For λ =M4 = 0 the solution is
piw = ±
c√
w3/2 − 4c2w
, (9)
while for λ =M5 = 0 it is
piw = ±
c√
w
. (10)
Solutions with square-root singularities also exist for nonzero values of more that one of
λ, M5, M4. For M4 = 0 and κ = 12M
3
5 /λ we find
piw =
±
√
6c√
3w3 +
√
9w6 ∓ 12κcw9/2 − 24c2w ∓ 2κcw3/2
. (11)
This solution is reduced to eq. (8) for κ = 0.
The solution (11) describes the modification of the throat in the presence of the higher-
order term (2). The two branches of the solution (10) are depicted as dot-dashed lines in
fig. 1 for κ = 1, c = 10, and in fig. 2 for κ = 40, c = 10. It is apparent that the location of
the singularity is shifted in opposite directions for each of the two branches. The reason
can be found in the form of the term (2), whose sign depends on the sign of the trace K
of the extrinsic curvature. As the latter is proportional to the second derivatives of the
field pi, the two branches have values of K of opposite sign. We discussed this point at the
end of the previous section, where we argued that in a two-brane configuration the brane
5
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Figure 2: The solutions (8) (dashed), (11) (dot-dashed), (18) (solid) for κ = 40, c = 10.
actions must be characterized by opposite values of M35 . It can be checked easily that
reversing the sign of κ in eq. (11) generates the reflections across the horizontal axis of
the two solutions depicted as dot-dashed lines in figs. (1), (2). In this way, two solutions
of opposite M35 can be joined smoothly at the common location of their singularities, for
the construction of a catenoidal configuration.
In the following we shall focus on the branch corresponding to the lower signs in
eq. (11), which allows us to make contact with the solution of the Galileon theory that
realizes the Vainshtein mechanism. For large w the solution falls off ∼ w−3/2, similarly
to eq. (8). On the other hand, the inner part of the solution is affected by the presence
of the higher-order term (2) in the effective action. The modification of the solution is
small for large c, as can be seen in fig. 1. The singularity of this branch is located at
wth = 2c+κ(κ−
√
288c + κ2)/72. For c→∞ we have wth ≃ 2c, while for c→ 0, we have
wth ≃ 144c2/κ2.
A class of time-dependent solutions of eq. (4) can be obtained through the ansatz
pi = pi(z), with z = r2 − t2. The field equation becomes
λ
(1 + 4zpi2z)
3/2
(
2piz + 6zpi
3
z + zpizz
)
− 12M
3
5piz
(1 + 4zpi2z )
2
(
piz + 2zpi
3
z + zpizz
)
− 12M
2
4pi
2
z
(1 + 4zpi2z )
5/2
(
2piz + 2zpi
3
z + 3zpizz
)
= 0,(12)
where the subscripts denote differentiation with respect to z.
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Figure 3: The solutions (13) (dashed), (16) (dot-dashed), (20) (solid) for κ = 1, c = 10.
For M5 =M4 = 0 the solution is [4]
piz = ±
c√
z4 − 4c2z , (13)
with c > 0. The two branches are depicted as dashed lines in fig. 3 for c = 10. They
possess square-root singularities at zth = (2c)
2/3. Integrating piz with respect to z we
obtain two curves that can be joined smoothly at zth. The resulting catenoidal solution
pi(z) describes a pair of branes connected by a throat of radius rth =
√
zth + t2. The
throat starts with infinite radius for t → −∞, evolves down to a minimal size at t = 0
and subsequently re-expands for positive t.
The full equation (7) has similar solutions for nonvanishing M5,M4. For λ = M4 = 0
the solution is given by
piz = ±
c√
z2 − 4c2z , (14)
while for λ =M5 = 0 by
piz = ±
c√
z4/3 − 4c2z
. (15)
Similarly to the static case, solutions with square-root singularities also exist for nonzero
values of more that one of λ, M5, M4. For M4 = 0 and κ = 12M
3
5
/λ we find
piz =
±
√
2c√
z4 + z3
√
z2 ∓ 2κc − 8c2z ∓ κc z2
. (16)
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This solution reproduces eq. (13) for κ = 0. The two branches are depicted as dot-dashed
lines in fig. 3 for κ = 1, c = 10. The construction of a catenoidal solution can be carried
out in a way analogous to the static case. For large z the solution (16) falls off ∼ z−2,
similarly to eq. (13). On the other hand, the inner part is affected by the presence of the
higher-order term (2).
4 Solutions of the Galileon theory
One of the most interesting features of the Galileon theory is revealed if we consider
static, spherically symmetric solutions of the form pi = pi(w), with w = r2. The equation
of motion (5) becomes
λ (3piw + 2wpiww)− 4M35piw (3piw + 4wpiww)− 12M24pi2w (piw + 2wpiww) = 0. (17)
For M4 = 0, κ = 12M
3
5 /λ the solution is
piw =
3
2κ

1−
√
1∓ 4
3
κc
w3/2

 . (18)
The two branches are depicted as solid lines in fig. 1 for κ = 1, c = 10, and in fig. 2 for κ =
40, c = 10. The branch with the upper sign terminates at the point w = (4κc/3)2/3 . The
branch with the lower sign displays the characteristic form associated with the Vainshtein
mechanism. For w ≫ wV , with wV ∼ (κc)2/3 the square of the Vainshtein radius, the
solution is piw ∼ cw−3/2, so that pi ∼ c/r. On the other hand, for w ≪ wV , we have
piw ∼
√
c/κw−3/4, so that pi ∼ √c/κ√r. This solution requires the presence of a large
point-like source at the origin with mass ∼ c. The form of the solution at distances smaller
than the Vainshtein radius results in the effective decoupling of fluctuations of the field
pi induced by smaller energy sources [13]. The Galileon theory is applicable at length
scales larger than 1 in units of the scale Λ. This means that the Vainshtein mechanism is
operational only for large values of κc in the same units.
The correspondence between the brane solutions (8), (11) and the solution (18) of
the Galileon theory is apparent in figs. 1 and 2. All solutions involve an integration
constant and have the same asymptotic form at large distances. However, they deviate
near the singularity of the brane solutions. A more precise correspondence can be found
if we eliminate the term ∼ c2 in the denominator of eq. (11). The remaining terms can be
rewritten as eq. (18). We thus conclude that the static solution of the Galileon theory can
be obtained from the solution (11) of the brane theory in the formal limits κc→∞ with c
held fixed, or c→ 0 with κc fixed. This formal correspondence does not constraint c to be
small in units of Λ. As is apparent from fig. 2, for κ sufficiently larger than c, the brane
and Galileon solutions almost coincide (apart from the location of the singularity) even
for large c. For the theory of fig. 2 the Vainshtein radius is wV ≃ 66. It is clear that the
Vainshtein mechanism is operational within the brane picture as well, for sufficiently large
κ. If we require c≫ 1 in units of Λ, the Vainshtein mechanism operates if κ≫ c≫ 1. It
must be kept in mind, however, that large values of κ indicate that the trilinear coupling
of the pi-field is large, so that quantum corrections are enhanced. The analysis of quantum
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corrections goes beyond the scope of this work. They have been discussed in ref. [14] for
the Galileon theory and in ref. [8] for the brane theory.
Similarly to our analysis of the brane theory, we can obtain time-dependent solutions
through the ansatz pi = pi(z), with z = r2 − t2. The field equation becomes
λ (2piz + zpizz)− 12M35piz (piz + zpizz)− 12M24 pi2z (2piz + 3zpizz) = 0, (19)
which should be compared with eq. (12) in the brane theory. We can obtain the solution
analogous to eq. (16) by setting M4 = 0 and defining κ = 12M
3
5 /λ. If we require that piz
vanishes for z →∞, the solution is
piz =
1
κ
(
1−
√
1∓ 2κc
z2
)
, (20)
with c > 0. Its asymptotic form for large z matches that of eqs. (13) and (16). On the
other hand, the two branches, displayed as solid lines in fig. 3 for κ = 1, c = 10, have
completely different form for small z. The branch with the lower sign has a nonintegrable
divergence at z = 0, while the branch with the upper sign ceases to exist below z =
√
2κc.
It is difficult to give a physical interpretation to either case. For larger values of κ, the
solutions (16) and (20) coincide for most of the range of z, apart from the region of the
singularities. This behavior is similar to the one in the static case, depicted in fig. 2. The
solutions (16), (20) become identical in the formal limits κc → ∞ with c held fixed, or
c→ 0 with κc fixed.
5 Discussion
In the context of the brane theory, the static solution can be interpreted as some type
of sphaleron, with energy equal to the height of the barrier that must be overcome for
the annihilation of the two-brane system [1, 4]. The time-dependent solution describes
the dynamics of the annihilation process. Through analytical continuation to Euclidean
space, this solution can be identified with the corresponding instanton. It must be kept
in mind, however, that the spontaneous nucleation of the throat configuration may not be
relevant for the annihilation of branes if these are identified with the D-branes of string
theory. The annihilation of D-branes can take place through string processes at a rate
faster than the one associated with the nucleation of a throat and its subsequent growth
[1].
The form of the static and time-dependent solutions within the Galileon theory, eqs.
(18) and (20) respectively, indicates that they are not appropriate for the description
of the throat-nucleation process. The Galileon theory is an approximation to the DGP
model which is expected to be valid at length scales larger than the inverse of the strong-
coupling scale Λ. It is appropriate for the description of macroscopic effects, such as the
decoupling of the scalar mode pi through the Vainshtein mechanism. However, it fails in
regions in which a field configuration has large derivatives, such as near singularities. The
embedding of the Galileon theory within a more complete framework, such as the brane
theory, can resolve such problems. However, the brane theory cannot be viewed as the
UV completion of the Galileon before its quantum properties are understood.
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We note that it is possible to cut the two branches of all the solutions we discussed
at a sufficiently large value wb or zb and join the outer segments. The resulting brane
configuration would possess a kink at the location of the throat. This construction requires
explicit boundary terms at wb or zb, whose presence does not have an obvious justification.
The derivation of the solutions we presented was possible because of the special struc-
ture of the action of eqs. (1)-(3): Despite its apparent complexity, the field equation of
motion (4) does not contain derivatives higher than the second. Moreover, the theory
involves only derivatives of the field. For the ansatze we employed, which preserve the
rotational or Lorentz symmetry by employing the invariants r2 and r2 − t2, the equation
of motion becomes a first-order ordinary differential equation, such as (7) or (12), which
can often be solved in closed form. This observation explains why theories with kinetic
gravity braiding [15], as well as more general classes of derivative theories included in the
generalized Galileon, can have similar solutions [16]. The interpretation of the solutions
is not always easy, as in general they have singularities, while the theories do not have a
geometric origin. One possibility is to identify the time-dependent solutions with propa-
gating shock fronts, as in refs. [5, 3, 4]. The physics of such fronts depends sensitively on
the details of the theory.
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